Models of the development and early progression of colorectal cancer are based upon understanding the cycle of stem cell turnover, proliferation, differentiation and death. Existing crypt compartmental models feature a linear pathway of cell types, with little regulatory mechanism. Previous work has shown that there are perturbations in the enteroendocrine cell population of macroscopically normal crypts, a compartment not included in existing models. We show that existing models do not adequately recapitulate the dynamics of cell fate pathways in the crypt. We report the progressive development, iterative testing and fitting of a developed compartmental model with additional cell types, and which includes feedback mechanisms and cross-regulatory mechanisms between cell types. The fitting of the model to existing data sets suggests a need to invoke cross-talk between cell types as a feature of colon crypt cycle models.
The colon (and small intestine) is lined by many millions of crypts, which serve to increase the surface area of the gut for absorptive and secretory functions, which provide a mechanism for replenishment of cells lost through sloughing and which act in sensing and signalling capacity to monitor luminal contents. The crypt has a slow-dividing, long-lived stem cell compartment at the base, which populates a more actively dividing transit-amplifying compartment, from which cells exit by differentiating into one of the secretory lineages. A further subclass of cells is the enteroendocrine (EEC) compartment, which comprises a small number of cells, but whose role may be significant: for example, most of the postprandial GLP-1 release driving cessation of eating comes from the colon (Anini et al. 1999) . Likewise, not only other gut hormones (Gunawardene et al. 2011 ) but molecules known to be involved in apoptotic signalling, such as VEGF and VEGF-receptor (Gulubova & Vlaykova 2008) and Nrp-1 (Yu et al. 2011) , are expressed in cells of the EEC lineage.
The crypt is therefore a microcosmic model of stem cell differentiation, amplification, differentiation and death. The crypt is thought to be under exquisite regulation in order to maintain a reasonably steady state, but nonetheless retains the ability to shrink or grow in conditions of starvation and to respond to alterations in the large bowel content (Sakata & von Engelhardt 1983; Sakata 1987; Inagaki & Sakata 2005) . Changes in crypt composition have been noted in large bowel pathologies; numbers of proliferating cells per crypt are elevated in the macroscopically normal tissues in pericancerous and peri-adenomatous fields (Humphries & Wright 2008) ; likewise, perturbations in rates of apoptosis may contribute to breakdown of epithelia associated with forms of colitis, or failure to shed in hyperplasia. Our group have previously shown that there are changes in the EEC compartment in peri-adenomatous fields (Yu et al. 2011) . The mechanisms underlying this perturbation of crypt dynamics are unclear, but work using xenograft models of colorectal cancer has also shown that there is a change in EEC numbers in the gut mucosa, suggesting a diffusible factor may contribute (Cho et al. 2008) .
It is logical that small changes in crypt dynamics may, over large amounts of time, lead to the types of macroscopic abnormalities associated with early stages of colorectal disease; however, such changes are not readily identified or captured by empirical methods. Mathematical modelling offers the chance to identify and compute interactions based on observable data and to explore where interactions may be influenced to lead to pathologies. The colonic crypt has previously been subject to a number of modelling efforts, notably the compartmental model from Tomlinson and Bodmer (1995) , which has been subject to iterations and adaptations (Johnston et al. 2007a ). Other models exist and have been reviewed (Johnston et al. 2007b; De Matteis et al. 2013 ). The compartmental model has a number of useful featuresin particular the compartmental concept relates closely to observable biology and provides a set of semantic terms that are measurable, specifically the model divides the crypt into stem cells (N 0 ), transit-amplifying cells (N 1 ) and differentiated cells (N 2 ) each of which has a rate of apoptosis, and in the case of N 0 and N 1 a rate of exit and replenishment. However, the model also has limitations, including a term for saturating feedback with no obvious biological meaning. Furthermore, the model does not include an EEC compartment, which we have shown is both biologically important and subject to alteration in proximity to neoplasia. Finally, in common with the majority of models, this is built to approach a numerical steady-state derived from averaged observations. In reality, there will be dynamic relationships between cell types, which exist to maintain the global steady state. Whilst independent observations are made, for example, on changes in numbers or proportions of proliferating cells, of EEC, or of goblet cells (Bernstein et al. 2000) , few studies have addressed large numbers of endpoints within the same data series. We therefore formally hypothesize that the relationships between cell types in colon crypt compartments will not be constant in strength or direction and that the incorporation of measurements into a crypt model will potentially reveal novel or key regulatory decision points in the crypt cell fate pathway.
Model development
The general workflow for development of the revised model is presented in the supplementary online material, Figure S1 . Briefly, we used a pre-existing base model and established goodness of fit to our in vivo observed data. We developed a score for fit and then undertook a series of iterative revisions until a model was yielded, which fairly represented the dynamic interactions between cell types in the colon crypt.
The models developed below are made available in Systems Biology Markup Language (SBML, Hucka et al. 2003) , an exchange format for computer models of biological processes that is understood by a wide range of software tools. The models are available from the BioModels.net database (Li et al. 2010 ):
Version 0: http://identifiers.org/biomodels.db/ MODEL1306190000 Version 1: http://identifiers.org/biomodels.db/ MODEL1306190001 Version 2: http://identifiers.org/biomodels.db/ MODEL1306190002 Version 3: http://identifiers.org/biomodels.db/ MODEL1306190003 Parameter values used are presented in Table 1 . Simulations and analysis were performed using COPASI (Hoops et al. 2006 , available from http://copasi.org/). NOTE: until publication the models are available from http://www.ebi.ac.uk/biomodels/reviews/ MODEL1306190000-3/
Base model
As a base model (version 0), we follow the 'saturating feedback' model of Johnston et al. (2007a) (other parameterizations of the same model are described in Johnston et al. 2007b) . The model describes cell population dynamics in the colonic crypt. Let N 0 , N 1 and N 2 denote the numbers of stem, semidifferentiated (transit-amplifying) and fully differentiated cells respectively. Their evolutions are defined by the system
where R ii denotes the rate of symmetric division N i ? 2N i , R ij denotes the rate of asymmetric division N i ? N i + N j , and R iX denotes the rate of cell death Ni ?∅.
Reaction rates are defined by Johnston et al. as
Note that most available data from formalin-fixed, paraffin-embedded (FFPE) tissue are based on scores established per hemicrypt in section. These measures are one-dimensional (per crypt length) rather than three-dimensional (per crypt volume). Consequently, the base model has been rescaled so that the cellularity T = Σ N i (the total number of cells per hemicrypt) equals 74, rather than 250. It should be noted, however, that there is no explicit spatial dependence defined in the model. contains no feedback mechanism: the dynamics of stem cells N 0 are independent of the levels of N 1 and N 2 , for example. Assessment of this model indicated that it could grow or shrink beyond biologically observed sizes through perturbation of a 1the cell cycle rate of N 1 (Supplementary online information Figure S2 ). Furthermore, in a series of stochastic simulations of compartment cellularity, the model frequently lost its stem cell compartment but did not become extinct (Supplementary online data).
The most natural way to incorporate feedback is via capacity constraints. We define the rates of N 0 and N 1 division as f i = r i N i (1 -T/K) where K is the carrying capacity of the crypt, estimated as the largest observed crypt size. This division can then be symmetric (R ii = p ii f i ) or asymmetric (R ij = p ij f i ) where p 00 + p 01 = 1 and p 11 + p 12 = 1. Capacity constraints are typical in biological models. A carrying capacity is used in logistic growth; this is often extended to development of multiple cells or species via the competitive Lotka-Volterra equations.
Parameter values for this model (version 1) are calculated using measured cell counts N i and assuming transition rates as per the base model. The model improves on the base model by constraining the size of the crypt to within biologically feasible bounds.
Enteroendocrine population
Our previous studies have shown that perturbations in the enteroendocrine cell (EEC) population occur in the macroscopically normal mucosa of subjects with a colorectal lesion, in proximity to the lesion. It has previously been reported that in mice with xenografted colorectal tumours, there is a similar depression of EEC numbers in the colorectal mucosa (Cho et al. 2008) . These data suggest that there is potentially an important compositional change in the cell types of the crypt, with EEC being, at the very least, a barometer of such effect. EECs are associated with the expression of receptors, environmental sensors, signalling molecules and receptors such as the apoptosis regulator NRP-1 (Gunawardene et al. 2011 ). Thus, we add a new compartment N 3 to the model (version 2, see Figure 1 ). We initially estimatebased on observed frequency data (see Table 2 )that 1% of stem cell divisions are used to produce EEC cells.
We define p 03 = q 03 K 03 /(N 3 + K 03 ) so that N 3 cells inhibit their own production. Michaelis constants are typically found to be the same order as their substrates (Smallbone & Mendes 2013) ; thus, as an initial estimate, K 03 is set to be of the same order as the number of N 3 cells.
The EEC may play a variety of signalling functions in the crypt. For the purposes of this model, we consider that their primary role is the inhibition of apoptosis, and thus, redefine R iX = d i A i N i where the apoptosis rate A i is given by A i = K iX /(N 3 + K iX ). Again, K iX is assumed to be of the same order as N 3 . The model extends the base model by including a small, but biologically important, compartment of EEC, but estimated parameters are improved upon in the next section.
Development of assessment criteria
We have acquired data from the macroscopically normal mucosa of patients with and without neoplasia under an ongoing research project (Corfe et al. 2009 ). In total, 41 subjects were free from pathology. Histology had been undertaken, and numbers of proliferating cells were determined by Ki67 staining (defined as N 1 ), cellularity (T) by H&E staining and EEC by enterochromaffin staining (N 3 ).
As the crypt is a dynamic entity with variation in compartment size and cellularity over time, we were able to establish by correlation that some (but not all) compartments had strong positive or negative inter-relationships (Table 2) . The strength and direction of these relationships formed a set of assessment criteria for the fit of models to experimental data. We hypothesize that, to capture the dynamic relationship between cell types, it is informative to model their correlation, as well as their average values, as the latter would only lead to a steady-state representation.
A theoretical sample of crypts may be obtained by iteratively allowing independent parameter values to vary by a small proportion d, calculating the compartmental steady state, then comparing the theoretical correlations obtained with those observed experimentally. In the limit as d?0, the effect of changing one parameter on a compartment is given by its scaled sensitivity coefficient. Thus, the theoretical correlation is given by the correlation between each compartment's scaled sensitivity coefficients.
In Table 2 , we see that, although steady-state modelling indicated that version 2 of the model was stable, achieved predicted numbers of cells in each compartment and became extinct on loss of stem cells, the strength and direction of relationships was a poor fit to the assessment criteria. Thus, we allow the parameters to vary around their initial estimates, to minimize the distance between the experimental and theoretical correlations, whilst maintaining similar values for compartment size. This was performed in COPASI using its inbuilt Hooke and Jeeves algorithm. We see that the fit (version 3) is much improved.
A summary of the model and its internal relationships is shown in Figure 1 .
Example applications
Identifying principal potential mechanism of action of butyrate To test the value of the model in identification of novel potential mechanisms of action, we sought to identify parameters whose alteration may recapitulate the observed effects of butyrate on crypt composition. Butyrate is a fermentation product of the luminal microbiome, which is implicated as a metabolite of the colon epithelium, as a regulator of cell cycle, of differentiation and of cell death (Hamer et al. 2008) . Several in vivo models have shown that butyrate appears to stimulate proliferation. We surveyed the literature and found that the majority of reports from human studies find a weak and non-significant relationship between the numbers of observed proliferating cells and the faecal butyrate concentration (Bowles & Corfe, in preparation) . Our group have recently reported a stronger negative correlation between the enteroendocrine population and faecal butyrate.
We used sensitivity analysis to identify parameters whose variation would confer these relationships at these relative magnitudes (oppositional with greater magnitude per unit Table 1 and are an extension of the terms used previously. Briefly, main cell compartments are identified as N 0 (stem cell), N 1 (transitamplifying cells), N 2 (differentiated cells) and N 3 (enteroendocrine cells). All cell compartments have a rate of apoptotic death (d 0 -d 3 respectively), and N 0 and N 1 have rates of cell cycle (r 0 and r 1, respectively). N 1 cells may exit into a differentiation pathway with rate p 12 , or may replenish at rate p 11 , which sum to unity as the 'usual' fates of N 1 cells. N 0 cells may likewise replenish at rate p 00 or enter a differentiation path at rate p 013 , which are reciprocal events. Entry into N 1 or N 3 lineages are alternative pathways from p 013 , and the numbers of N 3 cells feedback to control this fate determination point. (Corfe et al. 2009 ). In all 41 subjects, data were used to determine mean values and Spearman's correlation coefficients.
International Journal of Experimental Pathology, 2014, 95, 1-7 change for N 3 than for N 1 ). Sensitivity analysis suggested p 01 , q 03 and K 03 all had potential to modify N 1 and N 3 with the opposite directionality and greater magnitude for N 3 (Supplementary Online Information Figure S3 ). We therefore undertook a parameter scan, within biologically sensible limits (in stepwise increments À15% to +15). Endpoint data from timecourses are shown in Figure 2a and suggest variation in p 01the rate of exit from the stem cell compartment may best recapitulate the effects of butyrate. Such predictions cannot exclude the likely pleiotropic effects of butyrate, but fit well with a substantive literature suggesting that butyrate affects the cell cycle.
Effect of varying cell cycle rate on numbers of observed proliferating cells
Changes in the number of proliferating cells in crypts have been observed associated with the presence of a lesion (Sandler et al. 2000) and in response to the microenvironment (Holt et al. 1996) . Such measurements are usually made (in human tissues at least) through classical immunohistochemical approaches. Butyrate has been shown to reduce cell cycle rates in vitro in colorectal cancer cell lines and to drive an increase in the number of N 1 cells in normal tissue. It has been induced from this observation that the in vivo observation represents an increase in proliferation, which is opposite to the effect on cancer cells in vitro and that this apparently paradoxical effect may be a mechanism of chemopreventive action on transformed cells (Gibson et al. 1992; Scheppach et al. 1995; Hague et al. 1997) . We hypothesized that a decrease in cell cycle rate may equally lead to an increase in apparent number of proliferative cells as it may, for example, be the number of cycles, rather than rate, which determines N 1 composition. Such arguments are precedented. We used our model to undertake a parameter scan of cell cycle rate (r 1 ) and to measure its effect on numbers of cells in the N 1 compartment (Figure 2b) . r 1 was varied between half and double its baseline value. There was no effect of alteration on the N 1 compartment. These data suggest that the cell cycle rate may not be a principle determinant of size of the N 1 compartment in the crypt.
Discussion
The colonic crypt is an attractive target for modelling for a number of reasonsit encapsulates a cycle from stem cell through proliferation, differentiation and death, it is highly regulated, and perturbations in this regulatory process are at the root of early colorectal carcinogenesis, a major cause of cancer mortality.
We have shown that an established model of the colon crypt was unsuited to the analysis and interpretation of our data sets as follows: (i) the absence of a cell subtype (enteroendocrine cells) which we have previously shown to become deranged in proximity to a colorectal lesion (ii) the model was not size-limited and (iii) the direction of relationships between cell types did not mimic those observed in vivo. We sought to use the features of the base model, notably compartmental organization, and then cell fate decisions from each compartment, and to evolve this to our purpose. By exploring the direction and strength of relationships between cell compartment types in an existing data set, as opposed to using global data, we have identified oppositional relationships that needed to be incorporated into the model. It should be noted that the model is built around data generated in one dimension (hemicrypt scores). This is usual for histopathology, and our model is therefore compatible with raw data from human samples; however, this limitation should be noted when comparing against established spatially, rather than histopathologically, motivated 2-d and 3-d models of the crypt (see, for example, Buske et al. 2011; Dunn et al. 2012; Mirams et al. 2012; Pin et al. 2012) .
We have deliberately sought throughout the developmental steps in modelling to ensure semantic clarity of terms. This allows incorporation into hypermodels or linking of this model to other models (Fishwick 2012) , which is to the benefit of the modelling community and ensures that the model has biological meaning and that it is useable and manipulable by biologists.
Two applications of the model have been shownin the identification of parameters which may account for the observed compositional impact of butyrate upon crypt cell types and for the effects of variation of cell cycle rate. These approaches allow deduction about effects of microenvironmental factors, for example that the assumption that increased proliferation observed in response to butyrate is indicative of an increase in cell cycle rate in normal cells, which would be oppositional to the effect seen in vitro in cancer cells (Scheppach et al. 1995) , is not supported by this model. As such this revised model offers enlarged scope for application in identification of the biological basis of crypt compositional perturbation in early neoplasia, in response to the physiological microenvironment and leading to epithelial breakdown in inflammatory disease.
Supporting information
Additional Supporting Information may be found in the online version of this article: Figure S1 . Observational data from our ongoing and previously published work were used to establish a set of assessment criteria (relevant compartments, capacity of crypts and direction and strength of relationships between compartments) by which any revision of the model could be objectively assessed. Figure S2 . Lack of fit of existing model to observed data. Figure S3 . Sensitivity Analysis of model v3.
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